UNCLASSIFIED 


AD  NUMBER 

AD202515 

NEW  LIMITATION  CHANGE 
TO 

Approved  for  public  release^  distribution 
unlimited 


EROM 

Distribution  authorized  to  U.S.  Gov't, 
agencies  and  their  contractors; 
Administrative/Operational  Use;  APR  1958. 
Other  requests  shall  be  referred  to  David 
Taylor  Model  Basin^  Washington^  DC. 


AUTHORITY 

USNSRDC  Itr,  20  May  1981 


THIS  PAGE  IS  UNCLASSIEIED 


A  PROCEDURE  FOR  COMPUTING  STRESSES  IN  A  CONICAL 
SHELL  NEAR  RING  STIFFENERS  OR 
REINFORCED  INTERSECTIONS 


by 


Ri chord  V.  Roetz  and  John  G.  Polos 
✓ 


1  1958 


Report  1015 
NS  731-038 


TABLE  OF  CONTENTS 


Page 


ABSTRACT 


INTRODUCTION 


GENERAL  CONSIDERATIONS 


COMPUTATION  OF  STRESSES  AND  STRAINS 


DETERMINATION  OF  EDGE  FORCES  //,.  AND  MOMENTS  W,.  . .  7 

CASE  A:  UNSTIFFENED  INTERSECTION  OF  CONICAL  AND  CYLINDRICAL 
SHELLS  OF  DIFFERENT  THICKNESSES,  SUBJECT  TO  EXTERNAL  HYDRO¬ 
STATIC  PRESSURE .  8 

CASE  B:  CONIChL  OR  CYLINDRICAL  SHELLS  WITH  CLAMPED  EDGES,  , 
SUBJECT  TO  EXTERNAL  HYDROSTATIC  PRESSURE  .  11 

CASE  C:  INTERSECTION  OF  CONICAL  AND  CYLINDRICAL  SHELLS 
REINFORCED  BY  A  STIFFENER  OF  FINITE  RIGIDITY,  SUBJECT  TO 
EXTERNAL  HYDROSTATIC  PRESSURE  .  12 

CASE  D:  EFFECT  OF  A  HEAVY  FORGED-RING  TYPE  STIFFENER 

UPON  THE  INTERSECTION  DEFORMATIONS  .  i?. 


APPLICABILITY  OF  METHOD  . 16 

ACKNOWLEDGMENTS  .  18 

APPENDIX  A  -  NUMERICAL  EXAMPLE  .  19 

APPENDIX  B  -  GECKELER  APPROXIMATION  FOR  COxNICAL  SHELLS  .  25 

APPENDIX  C  -  DERIVATION  OF  THE  STRESS  AND  STRAIN  EXPRESSIONS, 

EQUATIONS  [1]  THROUGH  [5]  .  27 


REFERENCES 


11 


LIST  CiF  ILLUSTRATiONS 

PHRO 

FIflijT*  1  »  N'liador.  ft<  Conic*!  3holl  SL'm-.ini  . . . . . . .  3 

Figiira  2  •  OrBDh  of  {•  und  <i  FuncUonn  . . . . . U  <1 

Flgura  a  •  Qraph  of  F^,  Fg,  «nd  F^  PunoUons  . . . . . . .  6 

Figura  .1  •  NotnUor.  for  Cona^Cyllnder  Junclur*  . . . . . . .  3 

Figure  6  •  tiuinforcad  ConoCon*  JuBctur*  . . . . . . .  12 

Figure  6  •  NcUlion  for  Ralnforoerneat  *t  Cone*Cyiindor  .Tu'^clure  . . .  M 

Figure  7  ••  Sohometic  Drowing  of  IlluAtretive  MoHol  . .  12 

Figure  F  •  ThecireticBl  end  Experlmenul  Clroumferenlial  Streina  In 

lllustratlvn  Model  for  External  HydroeUtio  I’leasuro  of  1  PSl  .  S.3 

Figure  9  •  Theorelioii  end  ExperinteAti<^  ’  on/ritudinhl  Strnine  on  External 
end  Interne'  Surfeoes  of  lllu.tretlve  Model  for  Bxternel  llyd/r» 


aUt^o  Preaeure  of  1  P8I  . . .  34 

LIST  OF  TABLES 

TABLE  1  •  Funotione  Defining  Bending  Action  of  Shell  .  7 

TABLE  2  -  Celouietion  Sheet  for  Computing  Streeeea  end  Strein.a  at 

Large«Dlar.;'t«r  End  of  Cone  In  Illustratt'/o  Example . . .  21 


MOTATION 


a  i  "  rf.  I,  .?  ropf^HOUHn?  «cIro  rotnUon  »nd  dispiwomen.  per  unit 

fidge  or  surtacB  load 

j'  Voudg's  Molulua 


M| 

M, 

S' 

Qi 

« 

(I 

uT 

a 


V 

«l 

P, 


Sholt  ihlcknri*ii 

OlsconHnuliy  Bhewinfi  fordo  normal  to  a*i*  of  oymmetry 
Olnciwllnuiiy  bonding  momonl  lf>  •  meridional  plnno 


tlydrnouilc  ,ir08fuie 

DlbOOBilniilty  shoarloR  force  normal  to  shall  aurtate 
Radial  dlatanos  from  axla  of  aymmctiy 

^^2Tr-^*7 

DIaplacement  porpondlcuUr  to  axU  of  shell 

Ccordlnate  taken  along  ahsll  generator,  meaaored  from  JuncUre  or 
haao  of  cons 

Coordlna^.: taken  along  cone  senerator,  .measured  from  .pex  of  cono 


Angle  between  axle  of  cone  and  ^uneraw 


<!-,/*)  ooiroj 

R?  f>? 


,  Sualn 

^  Polaaon'a  ratio 

a  Streae 

d>.  (<  <J>,  «>  '-unoiiona  Jeflnlivt  bonding  notion  of  the  ahell 
f.-  f'b'  f'c- 

^  Axial  rotation  of  a  ir.ll 

_  _ £.4^  flexural  rigidity  of  aheli 

12  (1  -  i'*)  ' 

g  g  Ring  dimensions  .taaocinted  with  Figure  8 


Iv 


n. 


X- 


ABSTRACT 


A  second  approximation  to  the  complete- thoory  for  tho  axisyrnmetric 
deformations  of  thin  elastic  conical  shells,  as  derived  by  E.  Meissner  and 
F.  Dubois,  is  presented.  This  simplification  of  the  exact  differential  equa¬ 
tion  leads  to  a  so-called  Geckeler-type  approximation  for  conical  shells. 

F'rom  this  approximation,  a  step-by-step  numerical  procedure  is  de¬ 
veloped  for  calculating  stresses  and  strains  throughout  the  conical  elements 
of  shell  structures.  The  methods  include  computation  of  the  edge  shearing 
forces  and  bending  moments  which  arise  from  discontinuity  effects  at  cone- 
cone  and  cone-cylinder  junctures,  either  with  or  without  transverse  rein¬ 
forcing  rings. 

The  range  o(^ applicability  of  the  approximation  is  also  discussed. 


INTRODUCTION 

Because  of  the  increasingly  frequent  use  of  conical  shells  in  the  pressure  hulls  of 
submarines,  a  simplified  procedure  has  been  developed  by  which  the  elastic  behavior  of  these 
structural  elements  may  be  easily  computed.  The  method  makes  use  of  exponential  and  trigo¬ 
nometric  functions  for  determining  the  axisyrnmetric  discontinuity  stresses  and  strains  at 
either  end  of  a  truncated  cone  joined  to  another  cone  or  to  a  cylinder  with  or  without  trans¬ 
verse  reinforcement  at  the  intersection,  or  those  at  or  near  stiffeners  on  semi-infinite  cones. 
The  analysis  unde’^lying  this  computational  procedure  follows  closely  the  Heckler  approxi¬ 
mation^  to  the  more  rigorous  Love-Meissner  equations  of  equilibrium  for  shells  of  revolution.^ 

The  use  of  a  Geckeler-type  approximation  for  analyzing  stresses  in  conical  shells  has 
long  been  employed  in  the  pressure-vessel  industry.  However,  when  design  calculations  for 
steep  conical  transition  sections  on  submarines  were  first  required  in  1951,  it  was  not  known 
whether  the  approximation  was  sufficiently  accurate  for  tho  strength  analysis  of  submarine 
pressure  hulls.  A  study  of  the  exact  Lovc-Meissner  theory,  as  applied  to  conical  shells  by 
Dubois^  and  Watts  and  Burrows^  showed  it  to  be  impracticable  for  reinforced  cone-cylinder 
intersections.  There  was  then  developed  by  Wenk  and  Taylor*  a  first  approximation  to  the 
cohiplste  theory  which  would  facilitate  analysis  of  reinforced  junctures.  These  same  authors 
later  presented  a  different  form®  of  the  exact  solution  and  one  from  which  the  errors  involved 
in  an  approximate  solution  could  be  specifically  evaluated.  Their  results  included  a  state¬ 
ment  of  edge  coefficients  for  conical  shells  which  provided  a  convenient  method  for  an.Hyzing 
the  reinforced  intersections  at  both  the  large  and  small  ends  of  truncated  cones.  The  results 
published  in  TMB  Reports  826®  and  981®  were  evaluated  experimentally  and  were  found 
valid.  ^ 


I  * 

R0ference«  are  listed  on  page  32. 


In  a  search  for  morori.ni()  methods  of  compulation,  ii  second  approximation  to  Ih"  coc" 
plole  theory  which  is  essantialiy  iho  Gockeli  r-typo  approximation  for  conical  shell  s  was  r,.- 
considored.  For  the  geometries  of  interest  to  submarine  designers  this  further  approximation 
was  found  to  differ  but  little  from  the  more  rigorous  annlysos.*’®  Also,  as  iniKlit  bo  expected, 
thi.i  Qeckelor.type  approximation  was  more  reducible  to  a  ste|'-by»3top  form  of  compulation. 

The  numerical  procedure  resulting  from  this  simplified  analysis  is  presented  in  this  report. 
I'irst,  equations  for  computing  stresses  and  strains  throughout  a  conical  shell  as  a  function 
of  edge  forces  and  momonls  and  the  hydrostatic  nrossure  loading  are  presented.  Next,  equa* 
lions  are  provided  for  computing  these  edge  forces  and  inoinonlp  where  the  cone  element  is 
joined  to  another  cor. 3  or  cylinder,  with  cr  without  transverse  reinforcement  at  the  common 
juncture,  A  numerict!  example  is  then  given  in  Appendix  A  showing  in  tabular  form  the 
routine  hy  which  stresses  and  strains  may  be  computed  for  a  structure  composed  of  two  cylin- 
dricdi  shells  of  different  diameters  joined  by  a  conical  transition  section  and  having  rein¬ 
forcing  rings  at  both  intersections. 

The  derivation  of  this  second  approximation  to  tho  comploto  thoory  for  conical  shnils 
and  its  justification  are  presented  in  Appendix  B,  The  formulas  ,'or  stresses  and  strains  re¬ 
sulting  from  this  analysis  are  derived  in  Appendix  C. 

GENERAL  CONSIDERATIONS 

In  accordance  with  general  methods  for  evaluating  discontinuity  stresses  at  shell  inter¬ 
sections,  an  unstiffened  truncated  section  of  cone,  which  is  assumed  to  have  a  length  sufficient 
that  the  boundary  conditions  atone  end  do  not  disturb  membrane  deformations  at  the  other,  is 
isolated  for  study.  Under  pressure  loading,  the  stresses  and  displacements  everywhore  in 
the  shell  are  the  sum  of  the  membrane  terms  and  additional  terms  CKrespunding  to  discon¬ 
tinuity  shear  and  luonient  loads  uniformly  distributed  on  tho  periphery  of  each  boundary.  These 
discontinuity  effects,  considered  to  be  axisymmetnoal,  depend  on  tho  contiguous  otructure 
to  which  the  conical  element  is  Joined.  They  result  liom  the  fact  that  the  membrane  defor¬ 
mations  which  would  occur  in  each  member,  separately,  unde;  pressure  loading  are  not  iden¬ 
tical  so  that  the  edges  of  the  several  elements  theoretically  would  deform  different  amounts 
and  hence  would  not  match.  To  enforce  compatibility  of  displacements  and  rotations  of  th^a 
intersecting  elements  such  a  discontinuity  can  be  eliminated  by  the  introduction  of  addilicmal 
forces  and  moments  at  the  edges  of  each  component  shell.  Those,  of  course,  must  themsolvea 
satisfy  oquilibrium  conditio, >8.  Tho  molliod  is  readily  applied  to  c-ono-cylinder  and  mno-cone 
junctures. 

If  transverse  rcinforcawout  in  the  form  of  a  rin;?  stiffener  is  proviriod  at  the  intersection, 
a  ourtbSiiuiiding  analysis  <8  made  with  the  adoitional  feature  that  compatibility  of  displace¬ 
ments  and  rotationn  is  required  of  both  the  shell  components  and  the  stiffener  at  the  common 
juncture,  As  another  spneial  case,  stresses  neat  ring  stiffeners  in  a  reinforced  conical  shell 
are  obtained  simply  by  considering  the  large  end  of  one  semi-infinito  cone  joined  to  the  small 


end  of  another  semi-infinite  cone  of  equa'  s-v  with  a  transverse  ring  at  their  inter¬ 

section.  In  considering  the  roinforced-ir.versection  problem,  it  is  first  assumed  that  the  stif¬ 
fening  rings  are  very  narrow  and  thin  so  that  there  practically  lino  contact  around  the  cir¬ 
cumference  at  the  common  juncture  of  the  three  elements— thq  ring  and  the  two  axisymmetric 
shells— and  that  the  ring  properties  are  concentrated  on  this  line.  However,  if  the  inter¬ 
section  is  reinforced  by  a  heavy  forged-ring  type  of  stiffener  with  appreciable  cross-sectional 
dimensions,  then  the  assumption  of  line  concentration  is  no  lorgor  valid,  and  the  analysis  is 
extended  to  include  the  effects  of  such  finite  width  and  depth  upon  the  intersection  defor¬ 
mations. 

Particular  cases  of  composite  structures  such  as  these  are  discussed  in  further  detail, 
and  final  formulas  for  the  discontinuity  shears  and  moments  are  given  in  this  report.  The 
analysis  of  composite  structures  including  other  components,  such  as  spherical,  elliptical, 
end  toroidal  shells  of  revolution  follows  closely  that  described  in  this  report,  and  sugges¬ 
tions  are  given  for  extending  the  present  results  to  such  cases. 

COMPUTATION  OF  STRESSES  AND  STRAINS 

A  thin-walled  shell,  such  as  a  oono  or  a  cylinder,  develops  only  membrane  stresses 
and  strains  when  loaded  solely  by  uniform  hydrostatic  pressure  provided  that  the  odges  of  the 
shell  are  unrestrained.  However,  in  reality  the  edges  of  such  shell  structures  must  be  re- 
strh'tied  in  some  manner,  i.e.,  attachment  to  other  components  or  foundations  or  closures  to 
make  them  pressure-tight.  In  the  vicinity  of  these  restrained  edges,  local  bending  stresses 
are  developed  in  addition  to  the  uniform  membrane  .stresses.  Formulas  are  presented  herein 
for  determining  the  total  stresses  and  strains  which  arise  from  the  superposition  of  these 
discontinuity  and  membrane  effects. 

The  nomenclature  and  si^n  conven¬ 
tions  used  in  the  analysis  of  a  truncated 
conical  shell  are  defined  in  Figure  1.  These 
are  applicable  whether  the  edge  of  the  shell 
under  consideration  is  the  large-  or  small- 
diameter  end  of  the  cone,  or  the  end  of  a  cy¬ 
linder,  which  is  taken  to  be  the  limiting  case 
of  a  truncated  cone  feithe*’  end)  as  the  angle 
approaches  zero.  Note  that  a;  is  the  dis¬ 
tance  along  the  generator  of  the  shell  meas¬ 
ured  from  the  edge  under  consideration  and 
not  the  distance  from  Uie  cone  apex  as  in 
Reference  6- 

A  bending  moment  W,  is  considered  posi-  1 Conical 

tive  if  it  tends  to  put  the  cuter  surface  of  the  Shell  Element  ii 
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shell  in  tension,  nnci  a  shoarinc  force  is  consirlered  (.losiiive  when  it  acts  in  o  iliroction 
away  from  the  axis  of  symmetry.  The  transverse  shearing  force  Q.  is  comnosoc!  of  the  raflini 
shear  corr.ponent  H.  and  the  axial  force  pRj/2.  A  hydro.static  pressure  p  is  considered  positive 
when  it  is  external;  for  internal  pressure  p  is  negative.  The  subscript  i  is  used  to  distinguish 
the  structural  elements  fr<.im  each  other  whera  an  intersection  cortiposed  of  two  or  more  such 
elements  is  being  analyzed. 

The  quantities  H,-  and  are  discontinuity  shears  and  moments  arising  from  the  inter¬ 
sections  of  various  shell  elements  with  each  other  anu  with  siiffening  rings.  They  may  be 
determined  in  terms  of  the  shell  geometry  and  elasticity  and  the  surface  loading  by  enforcing 
conditions  of  force  and  moment  equilibrium  and  continuity  of  radial  displacement  and  axial 
rotation  at  the  j  m.  lure. 

Once  the  oiscontinuity  shears  (or  Q.)  and  moments  are  known,  the  following 
formulas  may  be  used  for  determining  the  longitudinal  and  circuDiferential  stresses  and 
strains  in  each  shell  elen.ent  as  functions  of  the  distance  x  from  the  shell  edge  under  study; 
Longitudinal  stresses  (the  upper  sign  is  for  the  external  fiber  and  the  lower  sign  for  the  in¬ 
ternal  fiber); 


pR 


2h.C03a.  h. 


+  2  —  ,♦/.  tan  a. 

t  I 


'Jl 


8W, 


h? 

t 


Qi 

<(> - f 


[1] 


Circumferential  stresses; 


PR  f  u  .  .  Q.  V 

(7  »  -  -  (1 - j - —  I  -  -  9  ]  +  ua 

Aj. coso^V  2  /  V  B.M.  I 


[2] 


Longitudinal  strain  (external  fiber): 
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EquuUonR  111  IhrouKh  [6]  tr«  darlvf  t.  In  Appendix  C. 

1(  nhould  be  noted  ihel  for  n  oonlotl  ehell  the  redluo  R  virlne  llneviy  wiUi  the  ooordl* 
nntedlaUnco  e,  I.e.,  R  •  R^  ±  J*  *ln  a,  when*)  tlia  ir.tnue  alKn  epplies  to  the  large  end  end  the 
plun  t.lgn  to  the  nmnll  end  of  •  Irunoated  cone.  In  the  limiting  cue  ne  iho  half  apex  angle 
Of  -•  0,  Fortnulanll]  througli  (6)  reduce  to  analogoue  expreeeioaa  for  a  circular  cylindrical  ehell 
for  which  oaae  the  radlun  R  now  becoinea  a  oonstani. 

The  fnnotlons  {,  yp,  6,  F^,  Ff,,  F^,  and  Fj  ueed  in  computing  the  bending  termn  in 
Equntiona  [1]  through  [S)  are  defined  by  rhe  rnllowlng: 
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Figure  3  -  Graph  of  F^,  F^,  and  Fj  Functions 
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where  the  plus  si^iis  applv  to  F  and  Fu  and  the  minus  signs  to  F.  and  Fy,  they  are  all  functions 
of  the  dimensionless  variable  These  quantities  computed  for  several  values  of  fix  are 
given  in  Table  1  and  represented  graphically  in  Figures  2  and  3.  It  is  seen  that  all  the  func¬ 
tions  approach  zero  as  the  quantity  fix  becomes  large.  This  indicates  that  the  bending  pro¬ 
duced  in  the  shoHv  by  the  discontinuity  forces  and  moments  is  actually  local  and  damps  out 
rapidly  away  from  the  loaded  ed^.  In  practice,  it  is  convenient  to  choose  values  of  fix  which 
appear  in  Table  1  so  that  interpolation  will  not  be  necessary.  From  these  and  with  fi  com¬ 
puted  from  liquation  [6]  the  corresponding  values  of  x  can  easily  be  found,  and  the  stress  and 
strain  distributions  may  taen  be  detorminod  using  Equations  [1]  through  [5],  The  procedure 
for  carrying  out  these  computations  is  illustrated  in  Appendix  A. 


TABLE  1 

Functions  Defining  Bonding  Action  of  Shell 
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DETERMINATION  OF  EDGE  FORCES  W,  AND  MOMENTS 

The  discontinuity  forces  and  moments  which  arise  from  a  mismatch  of  membrane  defor¬ 
mations  in  intersecting  shells  may  be  determined  from  considerations  of  force  and  moment 
equilibrium  and  of  compatibility  of  rotations  and  displacements  of  the  edges  of  the  component 
shells  at  the  common  juncture.  The  unit  rotations  and  displacements  can  be  expressed 
in  terms  of  edge  coefficients  si^h  as  those  defined  sind  discussed  in  References  5  and  6. 
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These  edge  coefficients  are  functions  of  the  geometry  and  elasticity  of  the  two  intersecting 
component  shells;  they  represent  the  amount  of  axial  rotation  and  radial  displacomont  per 
unit  edge  bending  moment,  unit  edge  shearing  force,  and  unit  surface  pressure.  The  total 
rotation  9.  and  displacement  Wj.  of  the  edge  for  combined  loading  are  then  obtained  by  super¬ 
position,  i.e., 


tf,.  -  a,.  // .  +  c.p 

y 

“i  ‘  *  Si  Hi  +  fi? 


[81 


where  b.,  Cp  d.,  f-,  and  g.  are  defined  as  the  edge  coefficients. 

The  method  of  using  edge  coefficients  is  general  and  is  very  convenient  in  the  analysis 
of  any  composite  structure,  such  as  those  encountered  in  pressure-vessel  design.  Here  we 
shall  consider  in  detail  the  intersections  of  conical  and  cylindrical  shells,  a  typical  case  of 
which  is  shown  schematically  in  Figure  4  with  the  discontinuity  forces  and  moments  acting 
at  the  shell  edges,  anu  treat  particular  cases  of  interest  in  the  field  of  submarine  pressure- 
hull  design. 


Figure  4  -  Notation  for  Cone-Cylinder  Juncture 

CASE  A;  UNSTIFFEKED  INTERSECTION  OF  CONICAL  AND  CYLINDRICAL 
SHELLS  OF  DIFFERENT  THICKNESSES,  SUBJECT  TO  EXTERNAL  HYDRO¬ 
STATIC  PRESSURE 

In  this  analysis  of  the  intersection  of  two  shells  of  revolution,  it  should  bo  recalled 
that  each  component  shell  is  suisumed  to  be  sufficiently  long  that  the  boundary  conditions  at 
the  far  ends  do  not  affect  those  at  the  common  juncture. 

When  two  such  shells,  identified  by  t 1  and  t  -  2,  are  joined  together  with  no  trans¬ 
verse  reinforcement  at  their  intersection,  the  discontinuity  bending  momeni  and  radial  sheaiing 
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where 

These  edge  coefficients  are  functions  of  the  shell  goonietries  and  material  properties 
only' and  are  independent  of  the  type  of  intersection.  Since  the  coordinate  x  is  measured  from 
the  intersection  (Figure  4),  the  signs  of  the  coefficients  a.,  b-,  and  c.  differ  from  those  given 
in  Reference  5  where  x  is  measured  from  the  cone  apex.  The  upper  signs  in  Equations  [10] 
and  [11]  apply  to  the  large- diameter  end  of  a  cone,  and  the  lower  ones  to  the  small-diameter 
end  of  a  truncated  conot  It  should  be  noted  that  those  terms  in  Equations  [11]  with  alternate 
signs  vanish  for  a  cylinder  since  <*»  0. 

Thus,  after  the  appropriate  edge  coefficients  have  been  determined  from  Equations  [111 
the  edge  moments  and  shears  at  the  unreinforced  intersection  of  any  combination  of  two  cy¬ 
lindrical  or  conical  shells  may  be  found  from  Equations  [9]  and  [10]. 

For  the  particular  case  of  the  intersection  of  the  large- diameter  end  of  a  truncated  cone 
(t  =  1)  with  a  cylinder  (i  =  2)  of  the  same  shell  thickness  Equations  [9]  and  [10] 

reduce  to  the  following: 


p  s'la  a  ^/R^  h  r  Zh  T 

V,  =- - 1  - - L 

VS  U  (cos  a  +  i/cos  a)  L  R  ^  cosa  J 


pR^  sin  a 


2  (cosa  +  v^cosa ) 


1  - 


'/^ (1  -  “)  (1  -  cos  a) 
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U  sin  a 
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■  H,  cos  a  + -  sin  a 
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whore  is  the  radius  of  the  larger  end  (bees  circle)  of  the  cone. 

Another  special  case  is  that  of  the  interseV.^n  of  small-diameter  end  of  a  truncated 
cone  (i  «  1)  with  a  cylinder  (i  «  2)  of  the  same  shell  f.uckuess.  Here,  Equations  [9]  and  [10] 
become: 
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where  R'  is  the  radius  of  the  smaller  end  (frustrum  circle)  of  the  cone. 

CASE  B:  CONICAL  OR  CYLINDRICAL  SHELLS  WITH  CLAMPED  EDGES, 

SUBJECT  TO  EXTERNAL  HYDROSTATIC  PRESSURE 

When  cone-cylinder  intersections  are  reinforced  by  very  heavy  bulkheads,  reasonably 
accurate  solutions  may  be  obtained  by  treating  each  component  shell  separatoly  and  ass'iming 
that  the  edges  of  each  shell  ve  rigidly  fixed,  i.e.,  zero  radial  displacement  and  zero  rotation. 
The  resulting  bending  moments,  radial  shearing  forces,  and  transverse  shearing  forces  for 
this  case  are,  respectively, 


(J^  COS  a 
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where  the  upper  sign  ia  each  expression  together  with  /?  =  applies  to  the  large-diameter 
end  of  a  truncated  cone  and  the  lower  sign  together  with  R  »  R'  applies  to  the  small-diameter 
end.  These  same  equiXions  may  be  used  to  determine  the  fixed-ended  moment  and  shear  fw 
a  cylindrical  shell  by  setting  a  «  0.  It  should  be  noted  that  the  terms  with  alternative  plus 
and  minus  signs  will  viaiish  for  the  case  of  the  cylinder. 
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CASE  C:  INTERSECTION  OF  CONICAL  AND  CYLINDRICAL  SHELLS  REINFORCED 
BY  A  STIFFENER  OF  FINITE  RIGIDITY,  SUBJECT  TO  EXTERNAL  HYDROSTATk 
PRESSURE 

A  general  composite  structure,  .that  of  two  intersecting  cones,  covered  under  this  case, 
is  sl.own  schematically  in  Figure  6. 


'•'igure  5  •  Reinforced  Cone-Cone  Juncture 

Particular  cases  of  interest  to  the  pressure-vessel  designer  which  are  specializations 
of  this  somewhat  "-eneral  case  are:  the  reinforced  intersection  of  the  large-diameter  end  of  a 
cons  with  a  cylinder,  that  of  the  small-diameter  end  of  a  truncated  cone  with  another  cylinder, 
that  of  two  cylinders,  that  of  the  large-diameter  ends  of  two  cones,  and  that  of  the  small- 
diameter  ends  of  two  truncated  cones. 

For  all  these  cas^s,  the  simplifying  assumption  is  made  that  the  two  shell  elements 
and  the  teiin'orciag  ring  have  line  contact  around  the  circumference  at  their  common  juncture. 

A  more  refined  analysis  including  the  effects  of  a  finite-width  intersection  is  presented  in 

the  next  section. 

The  discontinuity  shears  and  moments  acting  on  the  edges  of  the  two  shell  elements 
identified  by  the  subscripts  i  =  1  and  t  =  2  as  in  Figure  5  may  be  determined  by  solving  the 
following  set  of  four  simultaneous  algebraic  equations.  These  equations  result  from  satis¬ 
fying  conditions  of  continuity  of  radial  displacements  and  angular  rotations  of  the  three  in¬ 
tersecting  elements  at  their  common  juncture,  and  force  nnd  moment  equilibriur.i. 
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EA,  El, 

and  .1^  is  the  cross-sectional  area  of  the  ring  stiffener, 

is  the  moment  of  inertia  of  the  ring  cross  section  about  the  radial  axis  through  its 
center  of  gravity, 

IS  the  radius  to  the  center  of  gravity  of  the  ring  cross  section  from  the  axis  of 
symmetry,  and 

E  is  Young’s  modulus  for  the  ring  material. 

As  has  already  been  mentioned,  the  general  Equations  [15]  may  be  applied  to  the  rein¬ 
forced  intersection  of  any  combination  of  two  conical  or  cylindrical  shells  simply  by  computing 
the  appropriate  edge  coefficients  (a^,  a^,  ftj.etc.)  for  each  component  shell  from  Equations 
[11].  The  procedure  for  getting  these  coefficients  is  identical  to  that  for  the  unreinforced  in¬ 
tersection  problem,  Case  A.  The  transverse  shearing  force  Q.  may  be  determined  as  before 
from  Equation  [10]. 

CASE  D:  EFFECT  OF  A  HEAVY  FORGED-RING  TYPE  STIFFENER 
UPON  THE  INTERSECTION  DEFORMATIONS 

In  Case  C  where  various  reinforced  intersections  wore  considered,  it  ’vas  assumed  that 
the  stiffening  rings  were  very  narrow  so  that  there  was  practically  line  contact  around  the 
circumference  at  the  common  juncture  of  the  three  elements— the  ring  and  the  two  arisymmetric 
shells.  Consequently,  the  axiai  rotations  $^  and  radial  displacements  of  the  two  component 
shells  and  the  stiffening  ring  were  considered  to  be  equal  at  the  common  juncture.  This  is  a 
valid  assumption  provided  the  stiffening  ring  actually  is  very  narrow  as  in  the  case  of  a  deep 
slender  rectangular  or  “Tee"  cross  section  attached  at  the  web  as  shown  in  Figure  5. 

If,  however,  the  stiffening  ring  has  a  thick  web  or  a  wide  faying  flange,  or  if  the  inter¬ 
section  includes  a  heavy  forged  ring  as  is  common  in  submarine  pressure-hull  design,  then 
the  juncture  effectively  consists  of  the  two  shell  edg ss  with  a  reinforcement  of  finite  dimen¬ 
sions  between  them;  see  Figure  6.  Although  the  lines  of  action  of  the  axial  membrane  forces 
cf  the  component  shells  may  intersect  at  a  common  point  on  the  centroidal  a-axis  of  the  forged 
ring  and  stiffener,  eccentricities  in  the  radial  as  well  as  in  the  axiai  direction  may  arise  where 
the  edges  of  the  shells  meet  the  forging.  The  effects  of  these  eccentricities  on  the  discon¬ 
tinuity  moments  and  shearing  forces,  which  may  be  significant,  are  taken  into  consideration 
in  the  following  extended  analysis  of  the  boundary  conditions.  Here,  as  before,  any  sorondary 
bending  of  the  juncture  ring  in  the  meridional  plane  is  neglected. 
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Figure  6  -  Notation  for  Reinforcement  at  Cone-Cylinder  Juncture 
The  new  juncture  conditions  are  as  follows: 

'orce  and  moment  equilibrium  require, 
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while  continuity  of  structure  requires, 


'^2  ”  ^3  ■■  “2  ^3 


[17] 


-  e. 


where  the  rotation  0,  and  radial  displacement  «>  of  the  juncture  ring  are  given  in  Reference 
5  to  be 
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montof  InttilU  ebout  the  ^.nxls  if  the  oomposlte  reinforumnent  shown  shndad  In  Figure  0. 

Th<  total  rotations  and  radial  displacements  at  the  edge  of  each  component  shell  for 
oosiihinod  loading  are  obtained  by  superposition: 
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where  the  edge  ooefficlenta  a,,  Oj,  b^,  Aj,  etc.  are  defined  by  Equations  [11]  as  before. 

The  four  continuity  conditions  [IT]  together  with  Equations  [IB]  and  [19). lead  to  the 
fnilnwinn  By^f.un  nt  fQijf  a  •{gc-btaic  vquClisr.S  fo."  thc  ur.!:r..' V.T.  d:.':c.-..,tlnully  mo¬ 

menta  and  shears  Wj,  l/j,  //j,  and  U^-. 
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Thus,  for  all  the  examples  considered  under  Case  C,  if  the  reinforcing  rings  have  fay¬ 
ing  webs  or  flanges  of  appreciable  vid^h  or  if  the  intersection  includes  a  heavy  forged  ring 
as  shown  in  Figure  5,  Equations  [20]  should  be  used  instead  of  [15],  Any  contiguous  piece 
of  shell  material  in  contact  with  the  laying  flange  should  be  included  when  computing  A,  end 


APPLICABILITY  OF  METHOD 

The  range  of  applicability  of  the  methods  in  this  report  was  determined  by  comparing 
the  edge  coefficients  with  those  of  the  exact  solution  of  Reference  C.  The  expressions  for 
determining  the  edge  forces  and  moments  and  the  stresses  and  strains  are  derived  from  the 
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transverse  deflection  function  and  its  derivatives.  The  higher  derivatives  of  «j,  at  iea.st 
through  the  third,  will  be  as  valid  as  ic  itself,  sinco  derivatives  up  to  the  third  were  used  in 
determining  the  constants  of  integration.  Therefore,  the  accuracy  of  the  computed  stresses 
and  strains  should  be  about  equal  to  that  of  the  deflection  function.  The  edge  coefficients 
are  found  directly  from  u,  and  its  first  derivative,  evaluated  at  the  shell  edge  (x  •  0)  so  that 
the  errors  in  the  entire  analysis  sl^uld  be  of  the  sr.me  order  of  magnitude  as  those  in  the 
edge  coefficients. 

The  edge  coefficients  that  follow  from  the  analysis  of  the  report  are  almost  identically 
equal  to  those  obtained  by  setting  the  special  fl  functions,  which  appear  as  niukiplying  fac¬ 
tors  in  the  coefficients  of  the  exact  solution  of  Reference  6,  equal  to  unity.  The  exceptions 
are  that  the  third  terms  in  the  equations  for  c-  and  are  not  present  in  the  approximate  co¬ 
efficients  of  this  report.  However,  these  omitted  terms  are  generally  negligible  compared  to 
the  other  terms  if  a  is  not  nearly  equal  to  n/2.  An  estimate  of  the  maximum  error  in  each  of 
the  approximate  edge  coefficients  may  be  made  in  terms  of  the  special  Q  functions,  appearing 
III  Reference  6,  of  the  dimensionless  parameter  where 


^  =  2 


^/l2  (1  -  1/2)  /j2  cos^a 


sin**  a 


If  ^  is  restricted  to  values  of  10  or  more  for  a  conical  shell  made  of  steel  {v  =  0.3),  the  maxi¬ 
mum  error  in  any  one  of  the  edge  coefficients  computed  from  Equation  [11]  of  this  report  would 
be  about  10.5  percent  for  the  large-diameter  end  and  about  6.9  percent  for  the  small-diameter 
end  of  the  cone.  If  f  is  restricted  to  values  of  20  or  more,  the  maximum  errors  would  be  about 
4.8  percent  and  3.8  percent,  respectively.  The  inequality  10  corresponds  to 


and  ^  >  20  to 


2R  cosa 
h  sin^a 


2R  cos  a 
n  sin-'a 


The  r.nalyeis  presented  in  this  report  is  also  based  upon  the  assumption  that  the  axi- 
rymmetric  shell  elements  are  of  serai-infinite  length  so  that  there  is  no  interaction  between 
discontinuity  forces  and  moments  prising  at  adjacent  ends.  From  an  examination  of  Figures 
2  and  3  it  can  be  seen  that  this  condition  is  satified  if  jS^.f  for  either  end  is  greater  than  or 
equal  to  3.0  (whore  I  is  the  length  of  shell  between  discontinuities).  If  the  value  of  is 
less  than  6.0,  then  the  discontinuity  stresses  and  strains  from  each  end  will  overlap  through 
a  portion  of  the  shell  and  they  should  then  be  superimposed.  This  linear  superposition  may 


be  clone  graphically  as  in  the  example  of  Appendix  A. 

The  discontinuity  bending  moments  and  shearing  forces  which  arise  at  the  juncture  of 
any  two  shells  of  revolution  may  be  found  from  Equations  [9],  [15],  or  [20]  providing  the  ap¬ 
propriate  edge  coefficients  for  the  compone  nt  sholis  Rrg  used.  In  Reference  2,  Timoshenko 
gives  an  approximate  method  for  analysing  t-  3  in  spherical  shells  in  which  he  sim¬ 

plifies  the  problem  by  replacing  the  pcrlirin  of  th^^  shell  near  the  edge  by  n  tangent  conical 
shell  and,  in  turn,  treating  this  as  '  equivalent  cylintior.'’  In  this  particular  case,  the 
edge  coefficients  a.,  h.,  d.,  and  g.  as  given  by  Equation  [ll]  .can  be  used  directly,  but  the 
membrane  (second)  terms  of  c.  and  f.  for  a  spherical  shell  should  be  derived.  Similarly,  Equ¬ 
ations  [1]  through  [5]  .can  be  used  to  compute  the  stresses  and  strains  in  such  a  shell  except 
that  the  membrane  terfns  appearing  there,  those  terms  containing  the  pressure  p,  should  be  re¬ 
placed  with  those  derived  for  a  spherical  shell.  This  same  procedure  for  anclyA...''g  discon¬ 
tinuity  stresses  may  be  extended  to  any  other  shells  of  revolution,  i.e.,  ellipsoidal,  tori- 
spherical,  tori-conical,  provided  the  slope  and  change  in  slope  at  the  edges  are  not  too  great. 

Although  the  results  presented  herein  lead  to  s  rapid  method  for  computing  elastic 
stresses,  which  at  the  same  time  have  been  verified  by  experiment,  no  attempt  is  made  in  thi.s 
report  to  establish  a  criterion  for  allowable  stress  in  design.  The  application  of  these  results 
to  a  design  process  is  subject  to  the  ski!'  and  judgment  of  the  engineering  designer. 
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APPENDIX  A 


NUMERKAL  EXAMPLE 

The  methods  described  herein  for  computing  the  edge  moments  and  shearing  forces  and 
the  resulting  stresses  and  strains  in  the  vicini*Y  of  fen  intersection  romforcod  by  a  ring  of 
finite  dimensions  will  be  applied  to  a  specific  model  test>C  at  the  Ta.rlor  Model  F>asin  as  an 
illustration.  This  model  consists  of  two  cylindrical  shells  of  different  diameters  joined  by 
a  conical  transition  section.  Both  cone-cylinder  intersections  were  reinforced  with  stiffening 
'rings  of  finite  dimensions.  The  dimensions,  including  details  of  the  cross  section  of  the 
large  cone-cylinder  intersection  are  shown  in  Figure  7. 


Figure  7  -  Schematic  Drawing  of  Illustrative  Model 


The  analysis  of  the  large-diameter  intersection  will  be  deinonstratod  in  detail.  An  ex¬ 
amination  of  the  cross  section  of  the  juncture  shows  the  effective  stiffening  ring  to  have  an 
appreciable  width  which  is  estimated  to  be  0.36  in.  (including  effective  weld  material);  there¬ 
fore,  5^  *  ^2  ■  0.18  in.  The  radii  of  the  two  shells  at  the  juncture  and  the  radius  to  the  neutral 
axis  cf  "  .ing  arc  very  nearly  equal  so  it  is  assumed  that 


and 


R,  H,  R, 


1.0 


R^  -  R,  *  0 
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The  moments  and  shearing  forces,  M li^,  and  will  be  determined  from  Equ¬ 
ations  [20].  The  subscript  “1”  will  be  assigned  to  the  cone,  and  “2”  to  the  cylinder.  Note 
that  every  term  in  Equation  [20]  contains  Young’s  raoduhus  E  in  the  denominator.  Since  all 
the  component  paru  of  the  juncture  are  made  of  the  same  material  (steel,  for  which  I?  =  30  x 
10*^  psi),  all  equations  may  be  multiplied  by  E  to  simplify  the  computation.  Edge  coefficients 
(multiplied  by  E)  are  first  computed  for  both  shells  from  Equations  [11].  Then  the  cross- 
sectional  area  A^.  and  moment  of  inertia  (about  axis  2  -  a)  of  the  effective  ring  are  computed, 
and  the  quantities  Ek^  and  Ek,^  are  determined  from  Equations  [18].  The  values  thus  deter¬ 
mined  are  substituted  into  Equations  [20]  which  are  then  solved  numerically,  giving; 

=  2.1fi056 

^2  =  0.739266 

H,  -  -.5.69747 


From  Equation  [10]: 


2.270.5.5 


2.99694 


2.27055 


Note  that  a  large  number  of  significant  figures  are  carried  her.:-  v-y.d  jn  the  following  calcula¬ 
tions.  This  is  believed  necessity  because  of  the  many  numfe.  i:  4i  operations  that  are  performed 
on  each  quantity. 

With  these  values  for  and  and  the  geometric  and  material  properties  of 

the  shells,  the  stresses  and  ctrain.s  in  the  large  cylinder  and  in  the  cone  as  the  result  of  the 
discontinuities  arising  from  the  juncture  with  the  stiffening  ring  may  be  determined  from  Equ¬ 
ations  [1]  through  [6].  Membrane  stresses  and  strains  (due  to  pressure  alone)  are  includod  in 
these  expressions.  When  all  those  stresses  and  strains  are  to  be  found  for  a  large  number  of 
values  of  x,  the  computations  are  rather  tedious,  so  a  calculation  sheet  has  been  devised 
which  facilitates  the  work  somewhat.  This  sheet,  filled  in  for  the  large-diameter  end  of  the 
cone  of  the  model  under  discussion,  is  shown  in  Table  2.  The  numbers  and  expressions  in 
bold-fsce  type  are  permanent  figures  on  the  sheet.  Similar  calculation  sheets  for  the  larg(}- 
oiameter  cylinder,  the  small-diameter  cylinder  and  the  small-di.nmeter  end  of  the  cone  are  re- 
ouired  to  obtain  a  complete  stress  and  strain  distribution.  Note  that  on  tho  sample  calcula¬ 
tion  shoot  the  procedure  wa.n  not  derived  from  Equations  [1]  through  [5],  but  directly  from  the 
expressions  appearing  in  Appendix  C.  This  at,nounts  to  an  algebraic  rearrangement  of  Equ- 
tions  [1]  .through  [5]  which  was  found  more  advantageous  in  cases  where  a  large  number  of 
calculations  are  required  for  all  tho  stresses  and  strains. 

The  circumferential  strain  distribution  as  a  function  of  distance  from  each  intersection 
are  shown  as  solid  lines  for  the  two  cylinder  components  and  as  broken  lines  for  the  cone  in 


Calculation  Sheet  for  Computing  Slfesaes  and  Strains  at 
Large-Diamoter  End  of  Cone  in  liiuMtrative  Example 


Thf  Jijn  apfUies  (o  the  smafi-diiaeter  wd  a  twcated  com  te4 -5'ffw  sifit  Ihe  Ur2<*di 


Figure  8.  The  circufTferential  trembrane  distribution  for  the  cone,  representf  d  by  the  first 
term  of  Equation  [5],  is  also  shown.  It  is  seen  that  the  discontinuity  effects  from  both  inter¬ 
sections  exist  throughout  most  of  the  conical  shell  and  overlap  with  each  other,  that  is,  the 
circomforential  discontinuity  strains  indicated  by  the  broken  curves  differ  from  the  membrane 
strain  throughout  a  large  portion  of  the  cone.  The  total  circumferential  strain  at  any  point  in 
Uie  conical  shell  then  is  the  algebraic  sum  of  the  discontinuity  strains  from  both  intersections 
and  the  membrane  strain.  This  superposition  was  done  graphically  in  Figure  8  and  the  result¬ 
ing  distribution  is  shown  as  the  solid  line  labeled  «  j  .  The  broken-line  curve  labeled  1 

'^TotiU 

was  found  from  the  analysis  of  the  large  end  of  the  cone  and  that  labeled  2  from  the  analysis 
of  the  small  end.  The  difference  between  the  ordinates  of  curve  2  and  the  membrane  line 
were  then  added  to  those  of  curve  1  to  obtain  t, 

w  Total 

A  similar  procedure  was  followed  in  determining  tho  distribution  of  longitudinal  strain 
on  both  the  external  and  internal  surfaces  of  the  shell  elements.  The  longitudinal  strain  dis- 
tributisne  for  this  examp'e  arc  shown  in  Figure  9.  For  clarity  of  the  curves,  the  component 
strains  (strains  from  each  intersection  and  the  membrane  distribution)  are  not  shown.  Note 
that  the  total  strains  and  also  stresses  thus  found  are  for  iin  external  pressure  of  1  psi;  i.e., 
they  are  essentially  strain  and  stress  sensitivity  distributions. 

The  technique  indicated  by  the  results  of  Figures  8  and  9  of  this  report  for  linearly 
superposing  the  discontinuity  and  membrane  effects  can  be  used  for  short  shells  provided  the 
length  I  between  adjacent  edgesis  such  that  j3,f  >  3.0;  this  has  already  been  discussed  under 
“Applicability  of  Method.”  For  cases  where  <  3.0  the  discontinuity  forces  and  moments 
at  one  edge  of  the  shell  may  influence  those  at  an  adjacent  edge  and  vice  versa,  so  that  in 
such  instances  this  method  of  superposition  may  still  be  used  but  the  resulting  distributions 
would  be  questionable.  An  analysis  which  considers  this  interaction  and  which  may  prove 
convenient  in  practical  application  is  given  in  Reference  8. 

Experimental  strain  data  have  also  been  plotted  on  Figures  8  and  9  for  comparison  with 
the  theoretical  distributions  determined  by  the  analysis  given  heroin.  It  is  seen  from  these 
plots  that  the  agreement  between  theory  aud  experiment  for  this  particular  cac?  is  very  good 
and  certainly  falls  within  the  limits  of  experimental  error.  The  agreement  is  considered  for¬ 
tuitous,  and  this  one  example  does  not  constitute  any  extensive  verification  of  the  simplified 
cone  analysis  presented.  This  mottel  is  one  of  a  series  of  six  such  models  which  have  al¬ 
ready  been  tested  at  the  Taylor  Model  Casin.  The  experimental  strain  data  obtained  from  the 
complete  program  will  be  used  to  check  fiirtiter  the  validity  of  the  simplifiod  cone  analysis 
aaveloped  in  this  report.  These  additional  results  will  be  forthcoming  in  a  Taylor  Model 
Basin  report. 


L<5rgi  Cylin^«r  :  R  »  1 3.5  *  ,  h  •  0. 125*  Con#  s  h^O.IIO",  a«60dtgrtts  Sn.jW  I'ylinder:  R»8'*,  h*0092" 

Qistorc*  X  Along  Shell 


"8 


> 

ci 

i* 

cn 

3 


Uj 


to 

‘S  ^ 

s.= 

'S  s 
•-1 

5  CD 
2  ® 
$  o 

>w  >.• 

E 

3  O 

u  .a 

.is  ^ 

ll 

If 

5 

2  « 

Q./ 

X  <3 

w  -S 

c: 

ed 

*3 

V 

o 

55 

9 

.C 

H 


00 

o 

3 

60 


Best  Available  Copy  i 


APPENDIX  D 

GECXELER  APPROXIMATION  FOR  CONICAL  SHELLS 


from  considerB.tions  of  equilibrium  of  a  shell  element,  Dubois^  established  by  stand¬ 
ard  elastic  analysis  an  expression  for  the  transverse  displacement  w  of  a  thin  conical  shell 
in  terms  of  a  fourth-order  differential  equation.  The  homogeneous  form  of  this  equation  is 


d*to  w  w  12  (1  - 

y2 - +  2y  — j  -  2 - +  - 

dy'^  dy^  dy^  tan^a 


w 


[B.l] 


where  y  is  the  meridional  distance  along  a  cone  element  measured  from  the  apex. 

Solutions  of  Equation  [B.l]  are  considered  to  be  very  accurate  but  usually  require  far 
too  much  computational  time  to  be  practical.  Hence,  resort  is  often  made  to  approximate 
methods  of  the  type  discussed  below.  Taylor  and  Wenk  in  Reference  6  have,  found  solutions 
to  the  complete  Equation  [B.l]  in  terms  of  Bessel  functions  of  the  first  and  second  kind,  both 
of  second  order. 

The  radius  R  for  any  point  on  the  cono  is  fFigure  1) 


^  n  y  sin  o 


[B.2] 


u 

■Si 


'M 

■':-S 

'M 

■■-(if 


If  the  y’s,  which  are  coefficients  of  the  derivatives  in  Equation  [B.lj,  are  eliminated  by  using 
lB.2],  and  if  [B.l]  is  then  multiplied  by  sin^o  ,  the  following  results: 


d*  w  d^w  d^w  12  (1  -  v^)  cos^  a 

- +  2R - sin  a  -  2 -  sin^ei  + - 

dy^  dy^  dy^ 


w 


IB.3] 


-tV.'- 

d^  to 

o’ to 

d^  to 

' 

2  dw 

ft 

» 

2R -  sin  a 

» 

2 -  sin^a 

» 

- .  •  s'in^a 

-'M 

;% 

dy* 

max 

dy^ 

max 

dy"^ 

max 

R  dy 

It  has  been  shown  in  Reference  5  by  order-of-magnitude  considerations  that,  for  the  range  of 
parameters  of  interest  to  pressure-vessel  designers. 


[BA] 


i.e.,  the  second-  and  third-order  terms. appearing  in  the  complete- Equation  [B.3]  may  be  neg¬ 
lected  in  comparison  with  the  fourth-ordor»one.  '.Wenk.and-T'aylor.in  Referenoe.S  cairied  out 
the  first  approximation,  that  of  neglecting  the  second-order  term  only,  .and  obtained  a- solution 
for  the  transverse  displacement  to  in  terms' of  Bessel  functions  of  the  first  and  second  kind, 
both  of  aero  order.  They  indicate  that  from  the  inequalities  [8.4]  the  original  differential  equa¬ 
tion  could  bs  further  simplified  if  the  third-order  term  is  also  neglected.  The  analysis  of  the 
present  report  is  based  on  this  sscond'*approximation. 

Further,  the  discontinuity  bending  stresses  are  very  local  and* damp  out  rapidly  away 
from  the  juncture  region  of  any  two  intersecting  shells.  Hence  it  is  sufficiently  accurate  to 

<* 

2t> 


treat  the  radius  R  ajipearing  in  Equation  [B.3)  .as  constant  and  equal  to  R^,  the  radius  at  the 
edge  of  the  component  shell,  in  determining  these  local  effects.  Geckeler^  proposed  approxi¬ 
mations  of  this  type  in  dealing  with  such  local  bending  effects  in  thin  shells;  thus  the  so- 
called  “Geckeler  approximation”  for  conical  shells  reduces  to  the  integration  of  the  equation: 


d^w  12  (1  -  cos^a 

- + - tc  =•  0  [B.5] 

dy*  hrR^ 

As  may  be  seen  from  Figure  1,  the  distance  x  from  the  juncture  edge  of  the  cone  to  an 
arbitrary  point  on  its  surface  is 


[B.6] 


[B.7] 


d*  w 

- [B.8] 

dx^ 

It  should  be  noted  that  Equation  [B.8]  is  identical  in  form  to  the  homogeneous  differencial 
equation  which  governs  the  axisymmetric  transverse  bending  displacements  (and  therefore  the 
stresses)  of  a  cylindrical  shell  as  given  on  page  392  of  Reference  2.  For  this  reason  the 
Geckeler  approximation  is  sometimes  referred  to  as  the  “equivalent  cylinder”  approximation. 
It  is  further  noted  that  as  the  cone  degenerates  to  a  cylinder,  i.e.,  a  -»  0,  Equations  [B.7]  and 
[B.8]  reduce  exactly  to  those  for  a  cylinder. 

It  should  be  emphasized  that  such  so-called  “approximate”  methods  are  schemes  to 
obtain  simpler  solutions  to  the  exact  Love-Meissner  equations  for  the  bending  of  shells.  The 
membrane  solutions  for  conical  shells,  which  depend  upon  the  loading  and  are  particular  in¬ 
tegrals  of  the  complete  equation  with  a  nonzero  right-hand  side,  are  very  simple  for  the  case 
of  hydrostatic  pressure  loading;  they  should  always  be  used  with  either  the  exact  or  the  ap¬ 
proximate  bending  solutions  when  the  cone  angle  is  not  nearly  equal  to  zero,  i.e.,  «  ^  8  deg. 
When  the  angle  a  is  very  nearly  equal  to  zero,  the  radius  R  varies  only  slightly  so  that  the 
membrane  solution  for  a  cylindrical  shell  is  sufficiently  accurate  for  superposition  with  a 
bending  effect. 
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■■■>  - . .-u.  ■■ 


A/ 

dx 


=  D  tan 


d  /  R 
sin  a 
t  « 


tan  a  j  - 


VR 


ic 


cos  a 

w  sin  a  w  sin^a  dw 


a  — 

\  sina 


.V  =  Q  tan  a  - 


where  the  flexural  rigidity  D 


dx* 

pR 

2  cos  a 
Eh^ 


-  2 


dx^ 


R 


dx'^ 


o2 


dx 


pjl_ 

cos  a 


[C.3] 


12  (1-  v^) 


Vjj  is  the  moment  in  a  meridional  plane, 
is  the  moment  in  a  transverse  plane, 
is  the  transverse  shearing  force, 
is  the  stress  resultant  in  the  <^-direction, 

S.  is  the  stress  resultant  in  t^  ^‘direction,  and 

p  is  the  external  hydrostatic  pressure  (replace  p  by  -p  for  internal  pressure). 

It  should  be  noted  that  the  terms  containing  p  in  Equations  [C.3]  are  the  membrane  stress  re¬ 
sultants  obtained  from  membrane  analysis  for  hydrostatic  pressure  loading. 

From  the  same  ordor-of-rnagnitude  considerations  as  those  used  in  Appendix  B  to  de¬ 
rive  Eouation  [D.S],  it  can  be  seen  that  the  following  approxima'te  stress  couples  and  stress 
resultants  should  be  of  sufficient  accuracy: 


.W  =i7- 


tc 


M 


d> 


dx^ 
vM  _ 


“  Qx  ®  - 


pR 


[C.4] 


R 

cos  a 


tX)S  ot 

d*  w  pR 
dx* 


cos  a 


Q--D 


d^ 


tc 


dx^ 

It  will  now  be  shown  that  another  term  shoald  be  Included  in  the  expression  for  ,V^ 
given  by  [C.4].  From  Hooke’s  law  [C.‘2]  and  the  geometry  of  deformation  it  is  seen  that 
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so  that 


-  -  vA^,) 


Eh  _ 

A/ .  - - v:  +  vN , 

R 


By  superposition, 


w  =  w.  .. 

bending 


+  W 


membrane 


i.e., 


I 

w  =  tu t  cos  ot  + -  1 

°  Eh  cos  a  \ 


[C.5] 


[C.6] 


where  is  that  part  of  the  transverse  displacement  w  exclusive  of  the  membrane  component. 
If  Equation  [C.6]  is  evaluated  at  the  shell  edgo  ®  =  0,  the  edge  coefficients,  d,  g,  and  f  are 
obtained;  see  Equation  [8].  The  edge  coefficients  so  derived  differ  only  slightly  from  those 
given  in  Reference  6  which  are  believed  to  be  exact. 

If  from  Equations  [C.4]  and  it  as  given  by  [C.6)  are  substituted  into  [C.5],  then 

Eh  pR 

- - tcj  COSO - +  tan  a  [C.7] 

R  cos « 

Further,  if  Wy  is  determined  fnjft  Equation  [B.8]  and  substituted  into  [C.7],  then 

R  d^w  .  pR 

=  D - *«'« -  +  vQ^  tan  a  [C.8] 

cos  a  dx^  cosc 


With  the  stress  resultants  /V^,  ,V^,  and  the  stress  couples  and  thus  deter¬ 
mined,  Equations  [C.4]  and  [C.8],  the  expressions  lor  s*i0ll  str^SoGS  sin—  ^  hooornGt 


pR  D  w  60  d^  V) 

■ - - tana  -  +  -  - 

2h  cos«  h  dx^  h!^  dx^ 


[C.9] 


pR  D  R  d^  w  V  d^vo 

- + - D  tana - 

h  cos  a  A  cosa  dx*  h  dx? 


6v0  <7^  ic 

A“  dx^ 


[C.IO] 


To  express  these  stresses  in  terms  of  the  edge  and  surface  loadings  and  also  the  goometric 
and  elastic  properties  of  the  shell,  expressions  for  the  deflection  ic  and  its  various  deriva¬ 
tives  must  be  found.  This  is  done  by  integrating  the  differential  Equation  [B.3].  f  be  solu¬ 
tion  of  this  homogeneous  differential  equation  is 
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w  =  (C^  cos  +  Cj  sin  $x)  +  cos  0x  +  c^  sin  0x)  [C.ll] 

.  i  >  t  ^  r  r  and  c  are  determined  trom  the  bo:>ii<J£u'y  con- 

where  the  constants  of  integration  c^,  c^,  n 


ditions 


t£j  -►  D  at  X  -»  0® 

X  =•  0 


[C.12] 


at  X  =  0 

v^here  and  Q,  are  the  edge  bending  moment  and  shearing  force,  respectively.  The  first  of 
these  conditions  requires  that 


C3  =  -  0 


When  the  second  and  third  conditions  are  satisfied, 


c,-— (-Ci  +  iSM.) 

2D$^ 


[C.131 


[C.14] 


[C.151 


With  these  values  for  the  constants,  the  solution  for  w  becomes; 

^  ^  [(-  Q.  +  cos  0x  -  /3M,  sin  px 

2D0^  L 

/ 

Successive  derivatives  of  this  deflection  function  are: 

^  ^ _ I - 1  ( sin  i3x  +  cos  fix)  +  cos  /3x 

dx  Dr'^  L  -> 


d^w 

dx^ 

or- 

d^w 

D 

d^’.c 

dx* 

D 

I'g,-  0x  -  sin  /3x)  +  2fiM I  sin  /IxJ 
[2Q,  cos  fix  -2,'3.V.(cos  i9x  -  sin^x)  j 


tC.16] 


[C.171 
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Substitution  of  Equations  [C.  17]  into  [C.9]  and  [C.lOj  i^iv.  -  or  the  stresses, 
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pR  2/3 


a,  =-■ 


2h  COSO 

r 

“a2 


2/3  r  Qi 

+ - tana  -  (cos  j3ar  -  sin  iix)  +  sin 

AOjC»  1/ 


(cos  fix  ->•  sin  I3x) - -  sin 


[C.18] 


pR  ,  us  2/?02  p  Q, 

o^= - 1 1 - I - i  ®  '  ~  - ® 

A  cos  a  \  2  /  A  cos  a  L 


+  V  o. 


[C.19] 


Therefore,  Equations  [C.18]  and  [0.19]  for  the  stresses  are  identical  with  Equations  [1]  and 
[2],  respectively,  if  the  functions  ds  (jS*),  d*  6{$x)  and  f(6x)  as  defined  by  Eouations 
[7]  are  substituted  therein. 

To  derive  Equations  [8],  [4],  and  [5]  for  the  strain  distributions  it  is  merely  necessary 
to  substitute  Equations  [C.18]  and  [C.19]  into  the  two-dimensional  Hooke’s  law,  Equation 
[C.2],  which  expresses  the  strains  and  in  terms  of  the  stresses. 
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